In this paper, an efficient and unified approach for free vibration analysis of the moderately thick functionally graded carbon nanotube reinforced composite annular sector plate with general boundary supports is presented by using the Ritz method and the first-order shear deformation theory. For the distribution of the carbon nanotubes in thickness direction, it may be uniform or functionally graded. Properties of the composite media are based on a refined rule of the mixture approach which contains the efficiency parameters. A modified Fourier series is chosen as the basic function of the admissible function to eliminate all the relevant discontinuities of the displacements and their derivatives at the edges. To establish the general boundary supports of the annular sector plate, the artificial spring boundary technique is implemented at all edges. The desired solutions are obtained through the Ritzvariational energy method. Some numerical examples are considered to check the accuracy, convergence and reliability of the present method. In addition, the parameter studies of the functionally graded carbon nanotube reinforced composite annular sector plate are carried out as well.
Introduction
Annular sector plates are used as structural components in modern industries of different engineering fields such as aerospace, mechanical and aircraft engineering. In some applications, those components are frequently subjected to dynamic loads, so a thorough understanding of the vibration behaviors of sector plates is of great interest for engineering design and manufacture. Besides, in most of these investigations studying the vibration behavior of the annular sector plate, the boundary conditions taken into account are generally the perfect classical boundary cases, i.e. free, simply supported or clamped. However, in the real engineering application, the boundaries are always the general elastic supports and approximated by the combination of liner and rotational restraints. Based on this, this paper aims to presenting a first known free vibration solution for the FG-CNT reinforced composite moderately thick annular sector plate with general boundary supports.
Generally, the perfect performance in the mechanical properties of the traditional composites needs a high content (greater than 10% by weight) of the inorganic fillers. It has also been found that the carbon nanotubes (CNTs) own extraordinary mechanical and electrical properties over the carbon fibers [1] . These facts attract great attention of the researchers to study using the carbon nanotubes (CNTs) instead of the conventional micro-sized fibers and then develop the low density, high strength and elastic modulus carbon nanotube-reinforced polymer composites [2] [3] [4] [5] [6] [7] [8] [9] . Considering these advanced composite material structures contain a low percentage of CTNs (2-5% by weight) [7] [8] [9] , to make better use of the CNTs, Shen [10] suggested considering graded distribution of CNTs in the matrix. He showed that the nonlinear bending behavior of CNTRC plates can be considerably improved through the use of a functionally graded (FG) distribution of CNTs in the matrix. Because of the excellent performance, the concept of functionally graded materials (FGMs) to the nanocomposites (FG-CNTRCs) has been fast extended by researchers to study the global behavior of the structural elements, i.e. beam [11] [12] [13] , plate [14] [15] [16] [17] [18] and shell [19] [20] [21] [22] .
The free vibration analysis of isotropic and laminated composite annular sector plate have been conducted extensively [23] [24] [25] [26] [27] [28] [29] [30] [31] . And the free vibration behaviors of FG annular sector plates have also been investigated in the recent years [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . However, as far as the authors know, there are few available works about the free vibration analysis of carbon nanotube-reinforced composite annular sector plates in the open publications. Meanwhile, considering the fact of its practical importance in this regards, this problem is considered in this paper. The modified Fourier series method [43] [44] [45] [46] [47] [48] [49] is employed as an efficient and accurate tool to eliminate all the relevant discontinuities of the displacements and their derivatives at the edges. Then, to establish the general boundary supports of the annular sector plate, the artificial spring boundary technique is implemented at all edges. Finally, the desired solutions are obtained according to the Ritz-variational energy method. After its accuracy, convergence and reliability being validated, the present approach is used to study the effects of different geometrical parameters, material properties and boundary conditions on the frequency parameters of FG-CNT reinforced composite annular sector plates.
Theoretical formulations

Description of the model
Consider a FG-CNT reinforced composite annular sector plate of thickness h, inner radius R 0 , outer radius R 1 , length R in radial direction (R=R 1 -R 0 ) and sector angle θ in circumferential direction, as shown in Figure 1 . The polar coordinates system (r, θ, z), with its origin located at the mid-surface center of the plate, is defined. In this system, r, θ, and z represent, respectively, the radial, circumferential, and through-the-thickness direction. Polymeric matrix of the composite cylindrical panel is reinforced with single walled carbon nanotubes (SWCNTs) [21] . As shown in Figure 2 , four types of aligned CNT reinforced composite annular sector plates, i.e. UD-CNT, FGX-CNT, FGO-CNT and FGV-CNT, are considered in this study. The volume fraction of CNTs of the FGV-CNT, FGX-CNT, FGO-CNT and UD-CNT can be indicated as [12] :
Following Ref. [10] , the effective Young's modulus and shear modulus of the CNT reinforced composite annular sector plates can be determined by matching the results from the molecular dynamics simulation with those from the extended rule of mixture: 
Total energy functional
According to the FSDT assumptions, the displacement components of an arbitrary point in the FG-CNT reinforced composite annular sector plate are expressed in terms of the displacements and rotations of the reference surface, as given below [49] :
where u 0 , v 0 and w 0 are the displacements of the corresponding point on the reference surface in the r, θ and z directions, respectively. ψr and ψ θ are the rotations of the normal to the reference surface about the θ and r directions, respectively, and t is the time. According to the assumption of small deformation and linear straindisplacement relations, the strain components of FG-CNT reinforced composite annular sector plate yeilds:
where the membrane strains, denoted by ε 
Following the Hooke's law, the stress-strain relation of the functionally graded annular sector plate can be written as:
where the elastic constants Q ij (z) are the functions of thickness coordinate z:
Carry the integration of stress over the cross-section and the force and moment resultants yields:
where Nr, N θ and N rθ are the in-place force resultants, Mr, M θ and M rθ are moment resultants, and Qr, Q θ are transverse shear force resultants. The shear correction factor κ is computed by matching the strain energy due to the transverse shear stresses in Eq. (6) with the strain energy due to the true transverse stresses predicted by the threedimensional elasticity theory. By calculating the integration in Eq. (8), one can rewrite the force and moment resultants:
where A ij , B ij and D ij (i,j = 1,2, 4, 5 and 6) are the extensional, extensional-bending coupling, bending stiffness, and they are respectively expressed as
The strain energy (Us) of the annular sector plates during vibration can be defined as
Substituting Eqs. (6), (9), (10) and (11) into Eq. (13), the strain energy of structure can be derived and expressed with middle plane displacements and rotations. 
The corresponding kinetic energy (T) function of the annular sector plates can be given as:
Substituting u, v and w from Eq. (3) into Eq. (15) and performing the integration with respect to z, one can get
As stated earlier, most of existing publications on this subject are limited to severel simple classical boundary conditions. However, in the practical engineering applications, the restraint conditions of an annular sector plate may not always be classical in nature. Actually, the classical boundary conditions can be viewed as a special type of elastic boundary conditions where the elastic restraint is along any edge and is considered to approach its natural limits of zero and infinity. Considering this practical significance, the boundary conditions of plate in this paper are assumed to be elastic. Thus, to reach the goal, the artificial spring boundary technique, where every edge is assumed to be restrained by three groups of linear springs and two groups of rotational springs to simulate the general boundary supports, is employed here. Specifically,
, r_0 and r_1) are used to indicate the rigidities (per unit length) of the boundary springs at the boundary θ = 0, θ = ϕ, r = R 0 and r = R 1 , respectively, seeing in Figure 1(b) . As a result, the deformation strain energy (Usp) stored in the boundary springs during vibration can be defined as:
Therefore, the total energy function for the FG-CNT reinforced composite annular sector plate can be expressed as:
Solution procedure
In the Ritz method, the admissible functions play a critical role in determining the accuracy and stability. There have been many forms of admissible functions like the simple or orthogonal polynomials and trigonometric functions being adopted. However, for the lower order polynomials, they cannot form a complete set, and for the higher order polynomials, they always trend to become numerically unstable due to the computer round-off errors. The conventional Fourier series expression is only suitable for a few simple boundary edges because it exists a convergence problem along the boundary when other boundary conditions are considered. It means that most of the existing admissible functions are restricted to the Ritz method to solve the structure vibration problem with general boundary supports. To make up for this deficiency and adapt the general boundary conditions, Li [43] proposed a modified Fourier expansion technique. In this method, some certain auxiliary polynomials are added to a standard Fourier cosine series, which can efficiently remove any potential discontinuity associated with the original displacement function and its related derivatives at the boundary. The excellent accuracy and reliability of the modified Fourier expansion technique have been verified by the examples of beam, plate, shell and coupled structures. Thus, this technique is executed to determine the vibration behaviors of the FG-CNT reinforced composite annular sector plate, and the detailed expressions of the displacement and rotation components are given as: and ζ l (r) are introduced to remove the discontinuities potentially associated with their first-order derivatives at the boundary. Therefore, the function sets can represent any free vibration motion of plate. Their detailed expression is given as:
It is easy to verify that
More detail information about the auxiliary functions can be seen in Ref. [43] .
Substituting Eqs. (14), (16) and (18) 
Performing the Ritz procedure of the ∏︀ total to zero with respect to each coefficient u 0 , v 0 , w 0 , ψr and ψ θ , the characteristic equation for a FG-CNT reinforced composite annular sector plate given in the matrix form is obtained:
of order 5*(M+1)*(N+1)+10*(M+N+2). K, M and H respectively represent the stiffness matrix, mass matrix and the vector of the unknown coefficients for the annular sector plate. Obviously, the eigenvalues and the eigenvectors corresponding to every eigenvalue can be determined easily by solving the standard characteristic equation.
Numerical results and discussion
With the theoretical formulations described in previous sections, a comprehensive investigation concerning the free vibration of the FG-CNT reinforced composite annular sector plate with general boundary supports is given in this section. First of all, the excellent accuracy and efficiency of the present approach is validated by several numerical cases against the results calculated by the other methods. Then, some new frequency parameters associated with some selected mode shapes of the FG-CNT reinforced composite annular sector plate with various boundary supports, geometrical parameters as well as CNTs distributions are presented. Lastly, the influence of the elastic restrain parameters, geometrical parameters and volume fraction of carbon nanotubes on the free vibration characteristic of the annular sector plate is also reported. A symbolism is employed to simplify this study, e.g. FCSE denotes the plate with F (Free), C (Clamped), S (simplysupport) and E (Elastic restrain) boundary conditions at r = R 0 , θ = 0, r = R 1 and θ = ϕ. Table 1 gives the corresponding spring stiffness values for the considered boundaries. Unless mentioned otherwise, the following material constants are used in this study: E m = 2. Beyond that, the non-dimensional frequency parameter of the natural frequency is used in this study unless otherwise stated: Table 3 . It is seen that frequency parameters Ω are in good agreement with the available results in the open literatures and calculated with FEM. In the following comparison study, the study for the panels subject to various boundary conditions are conducted. The detailed results are presented in Table 4 , where first six frequency parameters Ω are listed. The results not only contain those calculated by the present for- mulation but also those reference data obtained by Liew et al. [22] based on the Ritz method considering the threedimensional elastic theory and Zhou et al. [21] on the basis of the Chebyshev-Ritz method adopting the threedimensional elastic theory. In this example, an isotropic thick annular sector plate is considered with the geometrical characteristics: R 0 /R 1 = 0.4, h/R = 1/6 and ϕ = π/2. The frequency parameter Ω in this table is defined as Ω = ωR
Convergence and validation studies
It is observed that frequency parameters Ω are in excellent agreement with those given by Liew et al. [22] and Zhou et al. [21] , which shows the accuracy and efficiency of the proposed model. After validating its correctness by the above comparison studies, the proposed formulation will be extended to solve other problems, and correspondingly, some new results for free vibration characteristics of FG-CNT reinforced composite annular sector plates are provided in the Tables 5-8. The geometry constants: R 0 /R 1 = 0.3, Table 6 : Fundamental frequency parameters Ω for FG-CNT reinforced composite annular sector plates with different boundary conditions h/R 1 = 0.1, ϕ = π/3 (Table 5) , ϕ = 2π/3 (Table 6) , ϕ = 4π/3 (Table 7) and ϕ = 17π/9 (Table 8) . From the tables, we can see that, for all cases, increasing the volume fraction of CNT leads to higher frequency parameters. Among the four possible cases of distribution patterns of CNT across the plate thickness, FGX-CNT plates always have the higher frequency parameters and FGX-CNT plates have the minimum frequency parameters. In addition, the expected CCCC plates have the higher frequency parameters since the clamped edge is stiffer than the simply supported, free, shear diaphragm and elastic restraint. Of course, the above new results can be as the benchmark data for the future researches. Some selected mode shapes for the FGX-CNT reinforced composite annular sector plates with different boundary conditions are respectively given in Figs. 3-6 . Each of these mode shapes is Figure 7 shows the variations of the lowest three frequency parameters for the FG-CNT reinforced composite annular sector plate with respect to the restraint parameters Γu; Γv; Γw; Γr and Γ θ , respectively. The geometry constants of the annular sector plate are the same as those in Table 2. The plates are free at edge θ = constant, clamped at r = R 0 whilst the r = R 1 is elastically restrained by all the five groups of boundary springs, where only one group is with the variable stiffness and the others are assumed to be infinite. It is clear that in a certain range, the plate frequency parameters increase rapidly as the elastic parameters increase. And beyond this range, the frequency exists little variation. Figure 8 depictes the first four frequency parameters versus inner-to-outer radial ratio R 0 /R 1 for the FG-CNT reinforced composite annular sector plate with differnent boundary conditions and CNTs distributions. The geometry constants of the plate are as follows: h/R 1 = 0.1, ϕ = 2π/3 and the R 0 /R 1 varying from 0.1 to 0.9. As clearly observed from the figure, regardless of the CNTs distribution, frequency parameters of the plate increase rapidly with the inner-to-outer radial ratio increasing. However, the variation of the frequency parameters for the case of the E 1 E 1 E 1 E 1 boundary conditions is more complex than those of the rest boundary conditions.
Parameter studies
In this boundary case, the change of 1st-3rd frequency parameters of the plate increases rapidly with the inner-toouter radial ratio increasing, however, the 4th frequency parameter firstly declines and then slowly increases. Figure 9 gives the first three natural frequencies (in Hz) for a FG-CNT reinforced composite annular sector plate versus the thickness ratios h/R 1 with different differnent boundary conditions and CNTs distributions. The annular sector plate is with the following geometrical data: R 0 /R 1 = 0.5, ϕ = 2π/3. The thickness ratio h/R 1 is changed from 0.05 to 0.2 by a step of 0.005. Regardless of the boundary conditions and CNTs distributions, it is worth noting that the frequencies of the annular sector plate increase when the thickness ratio h/R 1 increases. Next, the influence of the sector angle ϕ on the fundamental frequency parameters for FG-CNT reinforced composite annular sector plates with CCCC, SSSS, E 1 E 1 E 1 E 1 and E 3 E 3 E 3 E 3 boundary conditions are given in Figure 10 . The geometry properties are ure, we can see that the frequency parameters decrease monotonously as the sector angle ϕ increases. At the last example in this sub-section, Figure 11 shows the influence of the volume fraction of carbon nanotubes on the vibration behavior of the FG-CNT reinforced composite annular sector plates with different boundary conditions and efficiency parameters. It is observed that the frequency parameters increase while increasing the volume fraction of carbon nanotubes regardless of the type of the boundary conditions and efficiency parameters.
Conclusions
This paper deals with the free vibration problem of annular sector plates which are made of carbon nanotube reinforced composite materials. The distribution of CNT along the plate thickness may be uniform or functionally graded. Properties of the composite media are obtained according to a refined rule of mixtures approach with introducing efficiency parameters into the rule of mixtures approach. As one merit of this paper, the spring boundary technology and modified Fourier series technique are applied to imitate the general boundary restraints and eliminate the barrier of the traditional Fourier series in the Ritz method. The good convergence, excellent accuracy and reliability of the present unified solution are checked and validated by the comparison with the results presented by other contributors. New results for free vibration of moderately thick FG-CNT reinforced composite annular sector plates with various geometric parameters, material parameters as well as the boundary conditions are presented, which may be used for benchmarking of researches in the field.
